We discuss the physical superstring correlation functions in type I theory (or equivalently type II with orientifold) that compute real topological string amplitudes. We consider the correlator corresponding to holomorphic derivative of the real topological amplitude G χ , at fixed worldsheet Euler characteristic χ. This corresponds in the low-energy effective action to N = 2 Weyl multiplet, appropriately reduced to the orientifold invariant part, and raised to the power g = −χ + 1. We show that the physical string correlator gives precisely the holomorphic derivative of topological amplitude. Finally, we apply this method to the standard closed oriented case as well, and prove a similar statement for the topological amplitude F g . arXiv:1612.07544v1 [hep-th]
Introduction
Topological string amplitudes have a wide range of applications both for the study of low-energy effective actions arising in superstring compactifications and for their clear connection with mathematics. For these reasons, they represent a very effective playground where to test and improve our ability to calculate superstring amplitudes.
The system we consider in this paper, dubbed real topological string [1] [2] [3] [4] [5] , may be approached either from type IIA or type I perspective. From type IIA viewpoint, we start from a Calabi-Yau threefold X that admits an anti-holomorphic involution σ with non-empty fixed point set L, which is therefore Lagrangian and supports an orientifold plane. If we are interested in the topological subsector, the spacetime directions spanned by the orientifold are not constrained a priori, but can be guessed in the following way: if we take the O-plane to span L and two spacetime directions, namely consider also a spacetime involution x 2 , x 3 → −x 2 , −x 3 , then the O4-plane we get is such that we can cancel its charge by wrapping precisely one D4-brane on the same locus, as seen in the covering. Such local tadpole cancellation condition on one hand guarantees integrality of the BPS expansion one gets from combining the various unori-ented and open topological amplitudes, on the other hand it is the topological analogue of physical tadpole cancellation. Moreover, it is related to decoupling of vector-and hyper-multiplet in spacetime [6] . We take as definition of the real topological string the counting of holomorphic maps from Riemann surfaces to X that are equivariant w.r.t. σ and worldsheet parity Ω, subject to local tadpole cancellation.
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For simplicity we shall consider in our calculations an orbifold limit of a Calabi-Yau space, with orbifold of the form (T 2 ) 3 /G, G being the orbifold group, for example G = Z 2 × Z 2 . However, our results can be generalized to an arbitrary CY threefold by using CFT arguments [7] . Let (Z 3 , Z 4 , Z 5 ) denote the complex coordinates on the three T 2 s. We take the D4-O4 system to be along x 0 , x 1 directions and wrapping a This particular model (in its simplest version) can be obtained starting from the standard Type I theory (i.e. IIB quotiented by Ω with the associated 32 D9-branes and O9-plane) compactified on X. 2 One can get our model by doing 5 T-dualities, 3
of them inside X so that one gets the mirror CY and the remaining 2 T-dualities on x 2 and x 3 directions. This results, by the standard rules of T-duality, in the presence of world-sheet parity projection Ω → Ω.σ and it converts original O9 and D9-branes into O4 and D4-branes along the σ-fixed point set, i.e. for the orbifold realization of X along (x 0 , x 1 , Re Z 3 , Re Z 4 , Re Z 5 ).
Useful facts
Every surface Σ g,h,c , where (g, h, c) denote respectively the number of handles, boundaries and crosscaps, 3 can be realized as a quotient Σ g /Ω, where Σ g is Riemann surface 1 In some concrete examples, this amounts to a constraint relating the Euler characteristic of the surface to the degree of the map. 2 In more complicated constructions one can also have D5-branes and O5-planes wrapping various 2-cycles of X. However this will not change the closed string sector, which is what we are concerned with in trying to identify the self-dual background.
3 A crosscap is topologically RP 2 .
of genus g , and Ω an orientation reversing involution. The Euler characteristic of Σ g,h,c is χ = 1 − g = 2 − 2g − h − c.
Let h = h(Σ g , Ω) ≥ 0 be the number of components of the fixed point set Σ Ω g
of Ω in Σ g (i.e. the number of boundaries of Σ g /Ω), and the index of orientability
g . Then the topological invariants h and k together with g determine the topological type of Σ g /Ω uniquely. For fixed genus g , these invariants satisfy [8] • k = 0 or k = 1 (corresponding to oriented surfaces, or otherwise)
• if k = 0, then 0 < h ≤ g + 1 and h ≡ g + 1 mod 2
Moreover, the total number of topologically distinct surfaces at fixed g is given by
, where for even χ we also included in the count the case where Σ g,h,c itself is a closed oriented Riemann surface, which is not of the form Σ g /Ω for Σ g connected.
It is useful to separate the worldsheets Σ g,h,c into three classes, corresponding to having 0, 1 or 2 crosscaps. 4 This leads to a split of the topological string amplitudes into classes, namely oriented surfaces with h ≥ 0 boundaries with amplitude F g,h , non-orientable surfaces with an odd number of crosscaps with amplitude R g,h , and non-orientable surfaces with an even number of crosscaps with amplitude K g,h . We will be interested in their sum at fixed χ, namely
where we singled out the h = 0 = c case, denoted simply by F gχ with g χ = 1 − χ/2.
Remark on relative homology In real topological string and Gromov-Witten theory, one considers maps that are equivariant with respect to worldsheet involution Ω and target involution σ. Such maps are classified by the second homology group: although for purely open subsector it makes sense to consider relative homology H 2 (X, L; Z), namely to reduce modulo 2-cycles supported on the Lagrangian L, when dealing with the real theory it is not sufficient mathematically to specify the relative homology, rather the full second homology is needed, as one is formally studying maps from the symmetric surface to X. In some simple cases, like the real quintic or local CP 2 , the two objects are isomorphic. 
What we compute
The mathematical foundations of real GW theory have been recently put on a solid ground [10] [11] [12] , in particular we know that in constructing a nice moduli space of maps one should not restrict to a single topological type of surface, but rather consider them at once, morally as in eq. (1.2), so that orientation issues along real codimension one boundaries in moduli space are taken care of, and one can construct a well-defined enumerative problem.
We are interested in the target space interpretation of topological strings. Here, in the context of standard F g in the oriented type II theory, a study on the Heterotic dual [13] gave the Schwinger formula describing the singularity structure that explicitly proved the c = 1 conjecture and was generalized to all BPS states by Gopakumar and Vafa [14, 15] . Recently their work has been revisited and clarified in the paper [16] , which we point to for references and details. A related aspect of target space physics connection to topological string amplitudes is the well-known fact [7] that topological strings compute certain corrections to superstring amplitudes. In order to understand how this result can be extended to the real setup, which is our goal, it is useful to briefly recall some facts about the standard closed oriented case.
The physical string amplitude that computes F g in type II theories was identified [7] with the F-term coupling F g (W 2 ) g in the low energy effective action, where W is the chiral Weyl superfield. Expanding in component fields one gets a term proportional to for the amplitude considered in [7] , the position independence of PCO holds separately for the bosonic and fermionic parts of the graviton vertices. In the real case, we expect that the topological string computes the coupling of the form RT g −1 (in the covering picture 1−g = χ). In the following, to avoid the problem of having two different terms contributing to the amplitude that require different gauge fixings, we will again consider an amplitude involving a certain number of anti-self-dual graviphotons and one matter anti-self-dual field strength, namely we will compute the term involving one holomorphic covariant derivative with respect to a Käher modulus of the real topological amplitude that appears in the expansion of the orientifold invariant part of Weyl supergravity tensor.
Organization Section 2 deals with the superstring correlation functions that compute real topological string amplitudes. In order to make the calculations explicit and transparent we consider orbifold examples in section 2.1. In section 2.2, we discuss, from the supergravity perspective, the possible low energy effective action term that 5 We thank Ashoke Sen [17] for pointing this out. 2 Type II with orientifold
Projection
To get the Ramond-Ramond operators that survive orientifold projection, the easiest way is to start from original type I compactified on X, which for concreteness we take [18, 19] ). In type I the only R-R field is the 3-form field strength and its vertex operator in (−1/2, −1/2) ghost picture is
where S and S are left and right moving 10d spin fields, C is the charge conjugation matrix and M, N, P are 10d indices. Orbifold projection (
where indices i, j, k in (ijk) are coming one index from each T 2 and in (µij) i and j come from the same T 2 (this ensures orbifold group invariance). We can do the 5 Tdualities on these R-R operators: they are given by the corresponding 5 parity actions (i.e. action of σ defined in eq. (1.1)) on S (but not on right moving S -this is because T-duality can be thought of as parity transformation only on left movers):
where i(a), i(b), i(c) indicate the three Im Z directions along the three tori. So if one starts from Type I R-R field
where r(a), r(b), r(c) denote the three Re Z directions along the three tori, and in the last equality one has used the fact that because of GSO projection S is chiral w.r.t.
10d tangent space Lorentz group:
So in the simplest version there are the vertex operators T 01 and T 23 , precisely the operators that we'll use in our computation. Furthermore we note that the original D9-O9 system of type I theory, upon 5 T dualities become D4-O4 system along σ fixed point set namely (0, 1, r(1), r(2), r (3)) directions.
When the orbifold group is of even order, the original Type I theory compactified on X already comes with O5 and D5-branes, e.g. in the orbifold we are considering (namely Gimon-Polchinsky model [18] ) there are D5-branes along (0, 1, 2, 3, r(a), i(a)) (a = 1, 2, 3) i.e. D5-branes wrapped on one of the T 2 s. These could be thought of as turning on some instantons on the remaining two T 2 s, modded by orbifold group, in the D9-branes. Upon 5 T-dualities, for example for a = 1, this will become D4-brane
Thus there will be several different species of D4 branes (and corresponding O4 planes).
Open string connecting any two species of D4 branes have 4 directions that have mixed boundary conditions i.e. Neumann at one end and Dirichlet at the other end. On unoriented Riemann surfaces with boundaries and crosscaps, we must allow all these different types of D4 and O4 systems, however in the following, we will focus on the σ-fixed D4-O4 system, as this is what survives in the smooth Calabi-Yau case that will be discussed in section 2.5, even though these more general boundary conditions can also be dealt with by the same methods, giving rise to definition of the real topological string for this more general setting.
Supergravity
With the orientifold projection, supersymmetry is reduced to (2,2) in 2 dimensions, namely 4 supercharges, and we want to understand how to decompose N = 2 chiral
Weyl tensor [20] 
which is anti-symmetric in SU (2) indices i, j ∈ {1, 2} and anti-self-dual in Lorentz indices µ, ν (namely, we will restrict both the graviphoton field strength T and the Riemann tensor R, which are antisymmetric in µ, ν, to a constant anti-self-dual background), so that we may integrate some of its parts in 2d (2,2) superspace:
where we removed from G in eq. (1.2) the purely closed oriented piece; let's denote such combination H g , where χ = 1 − g .
We now discuss the term W . Since orientifold action (in Weyl indices) takes the
, we can form orientifold even and odd combinations
where θ + and θ + are the super-space coordinates that are invariant under the orientifold. For the Riemann sector, we write θ 1 σ µν θ 2 as
This means that for example W 01 decomposes as
The relevant (2,2) superfield is therefore
where T 01 etc. are short hand notation for the anti-self-dual combination T 01 +T 23 . From the original vector moduli super-fields Φ a where a labels different vector multiplets, one gets (2,2) superfields
The effective action term that we are interested in is
where D a is the holomorphic covariant derivative w.r.t. φ a . We will focus on the second term above, as its computation is not affected by the issue mentioned in section 1.2.
Vertex operators
Recalling that this model is obtained by applying five T-dualities on Type I, left and right moving sectors have opposite GSO projection. We bosonize (ψ i , ψ i ) = (e iφ i , e i φ i ), so that orientifolding exchanges φ i ↔ − φ i ; in terms of bosonized fields the 4-dimensional chiral spin fields with helicities labeled by 1 and 2 are
The internal spin fields are given by
where H = φ 3 + φ 4 + φ 5 and H = φ 3 + φ 4 + φ 5 . Finally, ϕ and ϕ appear in the bosonization of left and right moving superghosts.
The (−1/2, −1/2) ghost picture for graviphoton vertex
(2.17) becomes for T 01 to the lowest order in momentum
The graviphoton vertex eq. (2.18) is invariant under both the orbifold group as well as under the orientifold projection, since orientifold action preserves the T 01 (S 2 S 2 − S 1 S 1 ) part of graviphoton vertex.
We take, for concreteness, the vector multiplet Φ a to be the one corresponding to the Kähler modulus of the first torus (i.e. in Z 3 direction). In the (−1, −1) picture this vertex operator is just the (chiral, anti-chiral) primary ψ 3 ψ 3 . The gauge field strength for this vector multiplet can be obtained by applying two supersymmetry transformations, whose charges are obtained by integrating currents Q α = dz j α ,
and we recall that the orientifold only preserves 4 supercharges
The result for an orbifold group and orientifold action invariant such vertex is
Computation
We are interested in computing the amplitude involving g V T and one V F a on a surface Σ g,h,c , where we recall that (g, h, c) denote respectively the number of handles, boundaries and crosscaps and g is the genus of the double cover of Σ g,h,c , namely
By using the image method this amplitude can be computed on the compact oriented Riemann surface Σ g . Denoting the image of a point p ∈ Σ g,h,c as p ∈ Σ g and using the fact that the right moving part of the vertex at p is mapped to a left moving part dictated by the orientifold action at p, 6 we get
. In other words both for V T and V F a the region of integration extends to double cover Σ g . This is actually due to the fact that both these operators are orientifold invariant. Note that the graviphoton as well as matter field strength vertices in (−1/2, −1/2) picture already come with one momentum giving altogether (g + 1) momenta. Therefore in the remaining part of the vertices we can set zero momenta. Finally we can write the amplitude of interest on the double cover as
where the number (3g − 1) of PCOs follows from the fact that the total picture (superghost charge) on a genus g surface must be 2g − 2 and the operators that are inserted give a total super ghost charge −(g + 1). As each Σ operator carries internal U Of course we will need to sum over all the partitions with appropriate anti-symmetrization. Finally µ a for a = 1, . . . , 3g − 3 are the Beltrami differentials and b are anti-commuting spin 2 ghost fields. Note that b provide the 3g − 3 quadratic differentials h a that are dual to the Beltrami differentials µ a .
We use chiral bosonization formulae for anti-commuting (b, c) system with conformal dimensions (λ, 1 − λ) with λ > 1 and g > 1 [21] [22] [23] [24] [25] [26] , namely
where Q = 2λ − 1 and by Riemann-Roch theorem the number of zero modes of λ-differential b is Q(g − 1) and the (1 − λ)-differential c has no zero mode for g > 1.
Z 1 is the chiral non-zero determinant of the Laplacian acting on a scalar. The above expression is also valid for the case of λ = 1 when the (b, c) system is twisted. In particular, for spacetime and internal fermions the functional integral can be expressed in terms of chiral fermionic (b, c) theories with general spin λ respectively 1 − λ: using bosonization the following expression was found for the functional integral in spin structure s and with
For the super ghost correlation functions, we use
where in our case n = 0 and one ξ is implicitly there; moreover, the overall minus sign in the denominator θ argument that we will have can be justified by GSO projection.
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Some relevant facts about θ functions are summarized in appendix B. We can write the correlation function of interest as
where the sums appearing above are in the appropriate ranges, for example for
a , a = 1, . . . , g + 1, for u (2) a and u
a , a = 1, . . . , g − 1 and finally a = 1, . . . , 3g − 1 for u a . The twists g 1 , g 2 , g 3 are the orbifold twists along the three tori along 2g cycles (in other words g i are points in Jacobi variety). Since the orbifold group G ⊂ SU (3) in order to preserve supersymmetry, we have the relation g 1 + g 2 + g 3 = 0. Finally K is the spin-structure independent part of correlation function and can be expressed in terms of prime forms and certain nowhere vanishing holomorphic sections σ that are quasi-periodic and transform as g 2 differential under local coordinate transformations. The prime form E(x, y) has the important property that it vanishes only at x = y in Σ g , transforms as holomorphic − 1 2 differentials in arguments x and y and is quasi-periodic along various cycles. In fact K can be determined by just the leading singularity structures coming from OPE and the total conformal weights at each point. The position dependent part of K is given by
where · · · indicates correlation function in the space of all bosonic fields (Z 1 , . . . , Z 5 ) and the (b, c) ghost system. We can now put two of the PCO say at u 3g −1 and u 3g −2
at points z and z respectively. The expression for K above shows that if these two PCO positions appear in the partitioning as u (2) or u (3) the result vanishes due to the appearance of
a ) in the numerator. What this means is that the only non-vanishing contribution can come when these two PCOs are in the partitioning u (1) . There are now g − 1 remaining u (1) , the same number as the ones for u (2) and u (3) . The amplitude now becomes much simpler:
where the position dependent part of K is
We can now choose the following gauge condition so that superghost theta function appearing in the denominator cancels with one of the spacetime theta functions:
After performing the spin-structure sum using eq. (B.4), the result is
We now multiply this expression by the identity
which follows from the gauge condition, and make use of chiral bosonization formulae
where (ψ k , ψ k ) are anti-commuting (1, 0) system twisted by g k , ω i are the g abelian differentials and (b, c) anti-commuting spin-(2, −1) system. Note that by RiemannRoch theorem b has (3g − 3) zero modes (quadratic differentials) and therefore the last correlation function just soaks these zero modes. It is interesting to note that after the spin structure sum, we have obtained the correlation function in topologically twisted internal theory where ψ k and ψ k are of dimension (1, 0) for k = 3, 4, 5. Taking into account various ∂Z k in K and summing over all partitions we obtain
where G − = 5 k=3 ψ k ∂Z k is the twisted super current of dimension 2 and G + = 5 k=3 ψ k ∂Z k is dimension 1 topological BRST current. G − in A provide only zero modes both for ψ k and ∂Z k and hence must be holomorphic quadratic differentials.
is independent of u a . Finally, using the fact that the antianalytic Z 2 involution Ω maps abelian differentials as
, where Γ := Γ Ω is a matrix satisfying Γ 2 = I, we find that
The amplitude then becomes
where we have used the fact that
the marginal operator corresponding to the complexified Kähler modulus t 3 of the torus along Z 3 direction and hence gives a holomorphic covariant derivative with respect to 2. Now consider diagrams with just crosscaps (i.e. no boundaries). The formula given in [27, eq. (4.25) ] is just for even functions, but this is because in [27] orientifolding is simply worldsheet parity operator. In our case however it is combined with a Z 2 reflection of the two D-directions of R 4 . This means that if
So once again for the two cases one has det ∆ + and det ∆ − respectively and using [27, eq. (4. 3)] again correction factors cancel.
3. The reason why in [27] the authors needed to look at quadruple cover for the surfaces that have both crosscaps and boundaries, is as follows. One goes to the quadruple cover as explained in the third paragraph of page 287: one first goes to an unoriented boundary-less double cover B of Σ g,h,c = B/Ω 1 , but B still has the crosscaps inherited from Σ g,h,c . One now goes to oriented double cover Q of B = Q/Ω 2 so that the original Σ g,h,c = Q/(Z 2 ×Z 2 ), where the two Z 2 are generated by Ω 1 and Ω 2 . They need to work with Q (as is seen in the table eq. (4.24)) because for them Ω 1 and Ω 2 act differently on
However for us, since orientifold action comes with
; therefore one can just work with the complex double described in third paragraph of page 287 and X N and X D will be even and odd functions under Ω and once again the correction factors cancels.
So it is crucial not only that there are two N and two D-directions in R 4 but also that orientifold action comes with Z 2 reflection on X D , otherwise the prefactors would not have canceled by integrating the positions of the vertices. This is precisely what happens in our case, as we have one D4-brane (extended along two spacetime directions) stuck on top of the O4-plane.
Thus the amplitude eq. (2.38) for a fixed genus of the covering space g reduces to
where the sum is over all (g, h, c) such that g = 2g + h + c − 1 and Γ g,h,c is the
Even though in the preceding computation we have implicitly used only the σ fixed D4 and O4 systems at the boundaries and the crosscaps in Σ g,h,c , we could have allowed the other D4-O4 systems as well. The crucial point is that all of these D4-O4 systems have the same boundary conditions on R 4 (they differ only along the orbifold directions). This means that the cancellation of the contributions of R 4 bosons and fermions as well as (b, c), (β, γ) systems continues to hold and one again ends up with the partition function of the twisted internal theory on Σ g,h,c , now allowing more general boundary conditions relevant to different species of D4-O4 systems that appear in Gimon-Polchinsky like models that satisfy local tadpole cancellation condition. It will be interesting to study these more general real topological strings.
General Calabi-Yau case
For generic CY, we can extend the above analysis using CFT arguments as in [7] . The idea is to use the CFT description of CY in terms of N = 2 SCFT, and the fact that the graviphoton vertices can be expressed in terms of the scalar field H and H that bosonize the left and right moving U (1) currents J and J of the N = 2 SCFT as J = i √ 3∂H and operator and is given by V V e
H where V V has dimension (1/3, 1/3) and has no singular OPE with U (1) currents. 9 The marginal operator that defines the
H G − , G − have dimensions 4/3 and non-singular OPE with U (1) current, and similarly G + = e
The important point is that the entire spin structure dependence in the internal theory is encoded in the U (1) charge lattices. As was shown in [28] [29] [30] , the characters of the N = 2 SCFT together with one SO(2) character of a free complex fermion are given by the branching functions F Λ,s (τ ) of level 1 E 6 /SO(8) coset theory:
where χ Λ are three level 1 E 6 characters with Λ labelling conjugacy classes (1), (27) , (27) and χ s are the four level 1 SO (8) H (p) and similarly
We will not give the details of the computation here, as the steps are very similar to that in [7] apart from the insertion of V F a . One can carry out the spin structure sums, extract the moduli derivative w.r.t. t a and integrate the positions of the graviphoton and graviton vertices resulting in eq. (2.39).
Comment on g = 1 case
In this case, a direct calculation of H g is not possible, as on-shell one-point function of graviton vertex will vanish. However the amplitude considered here that computes holomorphic moduli derivative of H g involves the two point function F T F a , which is not zero on-shell due to the fact that along x 2 , x 3 directions the momenta are not conserved because of the σ involution. One special feature for g = 1 is that there is one zero mode each for b and c ghost (this basically means that there is only one real world-sheet modulus and there is one real translational invariance that needs to be fixed). In order to soak the ghost zero modes we need to insert one b field that is folded with the Beltrami and one (c + c) field that can be put at say z. As a result the operator at z has total left plus right dimension one and hence the vertex at z is integrated on a line transversal to the translational symmetry orbit.
One can repeat the calculation in section 2.4 up to eqs. (2.28) and (2.29). Now, however, there are only two PCOs and we cannot choose the gauge condition where both the PCOs are put at z and z, as this would not allow cancellation of the superghost theta function. Instead we can put the two PCOs at x and z. With this gauge choice, the superghost theta function cancels with one of the space-time fermion theta function and the spin structure sum leads to
θ 1 is the odd theta function and θ 1,g i are odd theta functions twisted by g i . Recalling that E(x, z) = θ 1 (x − z) and the Szego kernel
we can rewrite the amplitude as an amplitude in the twisted internal theory (i.e.
fermions are in odd spin structure twisted by the orbifold group)
In the orbifold case ∂Z 3 (x)∂Z 3 (z) will be zero unless ∂Z 3 has zero modes. This can happen only if Z 3 is untwisted i.e. g 3 = 0. In this case ψ 3 and ψ 3 have zero modes and the above expression becomes
where H 1 is as given in [1, Eq. In the general CY case, one can again carry out the analysis as described in the previous subsection and the correlation function is
where (h + c) = 2 and V a is the (chiral, antichiral) primary corresponding to the Kähler modulus t a . Note that V a carries charge (+1, −1) with respect to left and right U (1) currents. Here is the evolution parameter for open string (for annulus and Möbius) and for closed string (for Klein bottle) and the factor 1/ 2 can be understood as follows:
1/ comes from dividing by the volume of the residual translational invariance and another 1/ comes from integrating the spacetime momenta along (x 0 , x 1 ) directions (note that since the (x 2 , x 3 ) are transverse to D4 and O4 planes, there are no momenta integrals along these directions). This expression can be further simplified by writing
and deforming the contour
where we have used the fact that G − G + V a (z) is the marginal operator corresponding to the deformation of the Kähler modulus t a and d 2 x(J − J)(x) = F where F is the left minus right U (1) charge.
Conclusions and open issues
In this paper we have shown that real topological string amplitudes can be obtained as a subsector of physical type I superstring amplitudes by extending the construction of [7] to the presence of a D4/O4 system. Having obtained Walcher's topological string in terms of physical type I amplitude, a natural question is what its heterotic dual would be. This is particularly useful to study the singularity structure of the topological string when some massive state becomes massless as one moves in the moduli space of compactification. In the type I or type II side such states are necessarily some D-brane states wrapped on a vanishing cycle and hence non-perturbative, but on the heterotic side one can realize the would be massless states perturbatively. In fact in the context of standard F g in the oriented type II theory, a study on the heterotic dual [13] gave the Schwinger formula describing the singularity structure that explicitly proved the c = 1 conjecture and was generalized to all BPS states by Gopakumar and Vafa [14, 15] . The singularity structure for the real topological string appears to be much more complicated involving both Bernoulli and Euler numbers [31] . It will be interesting to find a dual model (heterotic or otherwise) where massless states appear at the perturbative level so that the singularity structure can be understood at the effective field theory level. This issue is under investigation.
Finally, one aspect that still eludes our understanding from Type I point of view is the topological version of tadpole cancellation, namely the condition relating the degree of the holomorphic maps and Euler character of the embedded Riemann surface. ) picture (we are focusing on the left moving sector -discussion for the right moving part is identical) so total number of PCO on genus g surface is
To be explicit let us work with orbifold CY. The internal part of the vertex for T carries charge (
) in the three internal planes and for F a we take it to be (− Furthermore by using bosonization and together with appropriate prime forms and σ's that are already there in the original correlation function
where these are correlation functions in the twisted theory (i.e. ψ 3,4,5 are dimension one and ψ 3,4,5 are dimension zero). Combining also ∂X 3 (u (1) ), ∂X 4 (u (2) ) and ∂X 5 (u (3) ) and taking all partitioning of u into the three groups and anti-symmetrizing, the above Now we can take one of the u's (say u 3g−2 ) to approach w:
where we have used the OPE
, c(w)b(u 3g−2 ) = 1 w − u 3g−2 (A. 10) and the fact that ∂X 5 (w) just gives the zero modes (note that G contains only ∂X 5 and not ∂X 5 ). Now
is independent of u i as both numerator and denominator are proportional to det h(u) where h(u) are the (3g − 3) quadratic differentials. So
(µ i b) = where derivative is w.r.t. complexified Kähler moduli of CY. In both the cases the derivatives is with respect to the holomorphic vector moduli as is to be expected.
All of the above can be done for an arbitrary CY (i.e. not necessarily orbifold) [7] .
B Theta functions
Generalized θ-function for genus g Riemann surface Σ g is defined on C g as θ(v|τ ) = n∈Z g exp (iπn · τ · n + 2iπn · v) (B.1)
where the positions that enter the arguments of theta functions are defined on the Jacobi variety of Σ g , for example v =
